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5 See Dienger, Grundriss der V ariationsrechmmg, p. 27. 

6 See Mayer, Leipzig, Ber. Ges. Wiss., 36, 99 (1884) and 48, 436 (1896); Bliss, Math. Ann., 
Leipzig, 58, 70 (1903); Erdmann, Zs. Math., Leipzig, 23, 364 (1878). 

7 "On the reduction of a system of linear differential forms of any order," Annals Mathe- 
matics, 13, 149 (1912). In a paper entitled On the second variation, Jacobi's equation and 
Jacobi's theorem, Ibid., IS, 78 (1913), this reduction was used to unify the Weierstrass 
theory of the second variation and Jacobi's equation. 
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If Si, S2, . . ., S x represent a set of operators of the group G such 
that these X operators generate G but that no X — 1 of them generate G, 
then these X operators are called a set of independent generators of G. 
Every subset of a set of independent generators of any group whatever 
generates a subgroup whose order contains at least as many prime 
factors as the number of operators in this subset. In particular the 
number of operators in a set of independent generators never exceeds 
the number of prime factors in the order of the group except in the 
trivial case when the group is the identity, unity not being regarded as 
a prime factor. 

If G represents the abelian group of order, p™ and of type (1,1,1,...), 
it is evident that each of its possible sets of independent generators 
involves as many operators as there are prime factors in the order of G. 
In what follows we propose to determine some properties possessed by 
all those groups which have at least one set of independent generators 
composed of as many operators as there are prime factors in the order 
of the group. The symbol G will hereafter in the present article be 
used to represent any one of these groups, and we shall assume in what 
follows that Si, S 2 , ■ ■ ■ , S x always represent a set of independent genera- 
tors of G such that X is equal to the number of the prime factors of the 
order g of G. 

Each of the operators Si, S 2 , . . . , 5 X must be of prime order since 
each subset of these independent generators generates a subgroup 
whose order has exactly as many prime factors as the number of oper- 
ators in this subset. A necessary and sufficient condition that the 
groups generated by two such subsets have only the identity in common 
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is that these two subsets have no common operator. If two of the 
operators S h S 2 , . . . , S x are of different orders, the larger operator is 
transformed into a power of itself by the smaller, since these two oper- 
ators generate a group of order pq, p and q being distinct prime numbers. 
In particular, if the operators Si, S 2 , . . . , 5 X are not all of the same 
order those of highest order generate an invariant subgroup of G. If 
these orders represent more than two prime numbers, the operators 
of highest order together with those of the next lower order generate 
an invariant subgroup of G, etc. 

If the set of independent generators Si, S 2 , . . ., S x contains at least 
two non-commutating operators of the same order p, let Si, represent 
one of these operators which is commutative with the smallest number 
of the other operators of order p in the given set; and let S 2 , . . ., S 7 
represent all the operators of order p in the set Si, S 2 , . . . , S x , which are 
not commutative with Si. We proceed to determine the group generater 
by Si, S 2 , . . . , S y . Since Si and S 2 are non-commutative they generate 
a group of order pip, pi being a prime >p, which contains pi conjugate 
subgroups of order p. When y > 2, Si and S 3 will generate a similar 
group of order p 2 p. It may be assumed that pi i> p 2 . 

The group generated by Si, S 2 and S 3 is of order pip 2 p. If pi = p 2 
this group contains a single subgroup of order Pi 2 , and each of its remain- 
ing operators is of order p since it contains no invariant operator besides 
the identity. If pi >p 2 , the group in question contains a cyclic subgroup 
of order pip 2 since the quotient group with respect to the invariant 
subgroup of order pi, cannot be cyclic. (See O. Holder, Gottingen 
Nachrichten, 189S, p. 298.) Hence the group generated by Si, S 2 , 
and S 3 must always contain an abelian subgroup of index p whose 
order is prime to p, and each of its operators which is not contained 
in this subgroup must be of order p. 

When r>3, we may consider separately the groups generated by 
Si, S 2 , S 4 and by Si, S 3 , 5 4 . The operators of order p 3 in the group of 
order p s p generated by Si and 5 4 must therefore be commutative with 
the operators of orders p } and p 2 contained in the group generated by 
Si, S 2 and S». Hence it results that Si, S 2 , S s and S* must generate a 
group having a single abelian subgroup of index p while all its remain- 
ing operators are of order p. As this mode of reasoning may clearly 
be continued until all the operators of the set Si, S 2 , . . ., S y have been 
exhausted, it results that these operators generate a group H having an 
abelian subgroup of index p whose order is prime to p, and that each of 
the other operators of H is of order p. In other words, H involves 
no invariant operator besides the identity, and the prime factors of 
the order of its subgroup of index p are all of the form 1 + kp. 
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Since Si was so selected as to be commutative with the smallest 
possible number of operators of order p in the set Si, S 2 , . . . , 5 X it 
results that each of the operators S h S 2) . . . , S y is commutative with 
every other operator of order p in this set. Each of the operators of 
H whose order exceeds p must be commutative with every one of the 
independent generators S y+ i, . . ., S x . In fact, if the order of such an 
independent generator exceeds p, it must be transformed into a power 
of itself by all the operators of H, since it is transformed into a power 
of itself by each of the operators Si, S 2 , . . . , S y , which generate H. 
It results therefore from the theorem of Holder, to which we referred 
above, that the independent generator in question is commutative 
with every operator of H whose order exceeds p. 

On the other hand, every operator of the set Si, S 2 , . . . ,S X whose order 
is less than p, must transform each of the operators Si, . . ., S y into a 
power of itself. This must be the first power for all of these operators. 
In fact, if S a , 1<: a<! 7, were not transformed into its first power by such 
an operator Sp then the group generated by S a and some other operator 
of the set Si, . , ., S y would be transformed into itself by Sp. This is 
clearly impossible in view of the Holder theorem to which we referred 
above. Hence it results that every operator of H is commutative 
with every operator of the group generated by those operators of the 
set S y+ i, . . . , 5 X whose orders do not exceed p. 

Some of these results may be expressed in the form of a theorem as 
follows: If a set of independent generators, which involves as many operators 
as there are prime factors in the order of G, includes at least two non- 
commutative operators of the same order p then all the operators of order p 
in this set, which are non-commutative with some one of them, generate a 
group H involving an abelian invariant subgroup of index p under H, 
and every operator of this invariant subgroup is commutative with every 
operator of the group generated by all the operators of the given set of in- 
dependent generators of G, which are not contained in H. It results also 
directly from the preceding developments that if H does not include 
all the operators of order p in the given set of independent generators 
of G, then these remaining operators of order p may be combined into 
subsets such that all the operators of each subset generate either an 
abelian group of order p** and of type (1, 1, 1, . .), or a group having the 
properties which we proved to apply to H. Hence the theorem. 

// a group G contains a set of independent generators composed of as 
many operators as there are prime factors in the order of G then all the oper- 
ators of the same order p in this set generate one of the following three 
groups: (1) Abelian groups of order p™ and of type (1, 1, 1,. ..); (2) 
Non-abelian group having an abelian invariant subgroup of index p but 
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of order prime to p, while all its other operators are of order p; (3) Group 
which is the direct product of such groups as are defined in (1) and (2) . 

When no operator in the given set of independent generators of G 
has an order which exceeds p, it results that the group generated by all 
the operators of order p in this set is invariant under G. When this 
set contains non-commutative operators of order p all of these opera- 
tors which are non-commutative with some one of them generate an 
invariant subgroup, composed of operators which are commutative 
with every operator in the group generated by all the operators of the 
set except those used to generate this invariant subgroup. As an im- 
portant but very special result we may mention the theorem that every 
group which contains a set of independent generators composed of as many 
operators as there are prime factors in the order of the group is solvable. 

Since each operator in the abelian invariant subgroup of H is commu- 
tative with each of the operators of the set Si, S 2 , ■ ■ ■ , S\ , except those 
which are contained in H, it is easy to see that every Sylow subgroup of 
G is abelian and of type (1, 1, 1, ...). In fact, if all the operators of 
the same order in the set Si, S 2 , . ■ . , S\ are commutative the various 
subsets composed of the operators of the same order in this set would 
generate such Sylow subgroups of G. If not all the operators of the 
same order in Si, Si, . . ., S\ are commutative then these non-commu- 
tative operators may be divided into subsets such that each subset 
generates a group having the properties which have been proved to 
belong to H. Hence the theorem: If a group contains at least one set 
of independent generators composed of as many operators as there are 
prime factors in the order of the group then all of its Sylow subgroups are 
abelian and of type (1, 1, 1, . . .)• As a special case of this theorem we 
have the known and evident result that when the order of such a group 
is a power of a prime the group must be abelian and of type (1, 1, 1, . . .)• 

Among the important categories of groups which have the property 
that it is possible to find a set of independent generators composed 
of as many operators as there are prime factors in the order of the group 
is the important category of solvable groups composed of all the groups 
whose order is not divisible by the square of a prime number. If the 
order of such a group involves more than one prime factor, it is always 
possible to select a set of independent generators composed of an arbi- 
trary number of operators from 2 to the number of prime factors in the 
order of the group. This fact can be deduced directly from the theorem 
due to Holder to which we referred above. This important category 
of solvable groups is therefore included in the larger category of such 
groups considered above. 



